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Abstract
It has recently been shown that the phenomenologically successful pattern of co-
bimaximal neutrino mixing (θ13 6= 0, θ23 = pi/4, and δCP = ±pi/2) may be achieved in
the context of the non-Abelian discrete symmetry A4, if the neutrino mass matrix is
diagonaized by an orthogonal matrix O. We study how this pattern would deviate if
O is replaced by an unitary matrix.
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Introduction:
Present neutrino data [1, 2] are suggestive of the pattern of cobimaximal mixing [3], i.e.
θ13 6= 0, θ23 = pi/4 and δCP = −pi/2, which was discussed many years ago ahead of the data.
It was first derived [4, 5] using the ansatz
Ulν = UωO, (1)
where [6, 7]
Uω =
1√
3


1 1 1
1 ω ω2
1 ω2 ω

 (2)
with ω = exp(2pii/3) = −1/2 + i√3/2, and O is any arbitrary real orthogonal matrix. This
intriguing idea lay dormant for many years until two years ago when it was shown [8, 9] how
A4 [10] may be used to realized this possibility. The origin of O comes from the scotogenic
generation of neutrino mass from a set of real scalars [8, 11, 12, 13, 14]
There is a second equivalent way to cobimaximal mixing which deals directly with the
3×3 Majorana neutrino mixing matrix in the basis where charged-lepton masses are diagonal.
It was discovered also in the context of A4, i.e. it should be of the form [15, 16, 17]
M(e,µ,τ)ν =


A C C∗
C D∗ B
C∗ B D

 , (3)
where A,B are real. In either case, the conditions |Uµi| = |Uτi| for i = 1, 2, 3 are obtained,
which lead to cobimaximal mixing. This conceptual shift from tribimaximal mixing [18, 19],
i.e. θ13 = 0, θ23 = pi/4, tan
2 θ12 = 1/2, to cobimaximal mixing may also be understood as the
result of a residual generalized CP symmetry [17, 20, 21, 22, 23, 24, 25].
S3 × Z2 realization of cobimaximal mixing:
Whereas Eq. (1) has been used in the context of A4 to obtain cobimaximal neutrino
mixing, it has also been shown very recently [26] that it may be accomplished with Uω
2
replaced by
U2 =


1 0 0
0 1/
√
2 −i/√2
0 1/
√
2 i/
√
2

 , (4)
which is derivable from S3 × Z2. In that case, if O is replaced by
U =


1 0 0
0 c23 s23
0 −s23 c23




c13 0 s13e
−iδ
0 1 0
−s13eiδ 0 c13




c12 s12 0
−s12 c12 0
0 0 1

 , (5)
where cij = cosφij and sij = sinφij, multiplied on the right by a diagonal Majorana phase
matrix 

1 0 0
0 eiα21/2 0
0 0 eiα31/2

 , (6)
then the deviation from cobimaximal mixing if δ 6= 0 is very simple. The resulting mixing
matrix has θ23 = pi/4 regardless of δCP = −pi/2 + δ. This comes from
U2


1 0 0
0 c23 s23
0 −s23 c23

 =


1 0 0
0 eiφ23 0
0 0 −e−iφ23




1 0 0
0 1/
√
2 −i/√2
0 −1/√2 −i/√2

 . (7)
The diagonal matrix of phases on the left may then be absorbed into the charged leptons,
and the remaining part of U2U becomes
Uδ =


1 0 0
0 1/
√
2 1/
√
2
0 −1/√2 1/√2




c13 0 is13e
−iδ
0 1 0
is13e
iδ 0 c13




c12 s12 0
−s12 c12 0
0 0 1


=


c12c13 s12c13 is13e
−iδ
(−s12 + ic12s13eiδ)/
√
2 (c12 + is12s13e
iδ)/
√
2 c13/
√
2
(s12 + ic12s13e
iδ)/
√
2 (−c12 + is12s13eiδ)/
√
2 c13/
√
2

 (8)
multiplied on the right by the diagonal phase matrix

1 0 0
0 1 0
0 0 −i

 . (9)
This shows that if δ = 0, cobimaximal mixing is achieved with e−iδCP = eipi/2 = i as expected.
However, even if δ 6= 0, so that δCP deviates from −pi/2, θ23 remains at pi/4. Note also that
3
the input φ12 and φ13 angles are also the output θ12 and θ13 angles. This is a remarkable
result and it is only true because of U2, and does not hold for Uω.
A4 realization of cobimaximal mixing:
To study how Uω would change the above result, we consider
Ulν = UωU. (10)
The first thing we note is that if δ = 0 in U , then Eq. (10) becomes Eq. (1) and we obtain
cobimaximal mixing. To find the deviation for δ 6= 0, we use
Ue2 =
1√
3
[s12c13 + c12(c23 − s23)− s12(s23 + c23)s13eiδ], (11)
Ue3 =
1√
3
[s13e
−iδ + c13(s23 + c23)], (12)
Uµ2 =
1√
3
[s12c13 + c12(ωc23 − ω2s23)− s12s13eiδ(ωs23 + ω2c23)], (13)
Uµ3 =
1√
3
[s13e
−iδ + c13(ωs23 + ω
2c23)], (14)
then
sin2 θ13 = |Ue3|2 = 1
3
[s13 cos δ + c13(c23 + s23)]
2 +
1
3
s213 sin
2 δ
=
1
3
[1 + 2c213s23c23 + 2s13c13(c23 + s23) cos δ], (15)
sin2 θ23 =
|Uµ3|2
1− |Ue3|2 =
1
2
+
s13c13(c23 − s23) sin δ√
3(1− sin2 θ13)
, (16)
sin2 θ12 =
|Ue2|2
1− |Ue3|2 (17)
=
|s12c13 + c12(c23 − s23)− (c23 + s23)s12s13 cos δ|2 + (c23 + s23)2s212s213 sin2 δ
3(1− sin2 θ13) ,
and
cos δCP =
1− sin2 θ23 − sin2 θ12(1− sin2 θ23(1 + sin2 θ13))− |Uµ2|2
2 sin θ13 sin θ12 cos θ12 sin θ23 cos θ23
=
−s13 sin δ
2
√
3 sin θ13 sin θ12 cos θ12 sin θ23 cos θ23
(18)
×
[
c13(c23 − s23)[1− sin2 θ12(1 + sin2 θ13)]
(1− sin2 θ13) + s12[c12 − s12c13(c23 − s23)]
]
.
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Deviations from cobimaximal mixing:
In Eqs. (16) and (18), if δ = 0, then θ23 = pi/4 and cos δCP = 0 as expected. The
deviations from these values depend not only on δ 6= 0, but also on the input values of
sij, cij . They are of course constrained by the output values which must agree with data [1],
i.e.
sin2 θ13 = 0.021± 0.0011, (19)
sin2 θ12 = 0.307± 0.013, (20)
sin2 θ23 = 0.51± 0.04 (normal ordering), (21)
sin2 θ23 = 0.50± 0.04 (inverted ordering). (22)
We first discuss some special cases which keep θ23 = pi/4.
• s13 = 0: In this case, δ disappears from U , so Eq. (10) becomes Eq. (1) and cobimax-
imal mixing is assured. Using Eq. (15), we obtain 2s23c23 = −0.937, resulting in the
solutions:
c23 = 0.82137, s23 = −0.57040, (23)
c23 = 0.57040, s23 = −0.82137. (24)
In either case, c23 − s23 = 1.39177. Using Eq. (17), we then obtain
c12 = 0.93572, s12 = −0.35274, (25)
c12 = 0.03582, s12 = −0.99936. (26)
Note that the arbitrary choices of c12 = 0 and s23 = −1/
√
3 would result in
sin θ13 =
√
2− 1
3
, sin θ12 =
1√
3 cos θ13
, cos2 θ13 =
2
9
(3 +
√
2), (27)
sin θ12 cos θ13 =
1√
3
, cos θ12 cos θ13 =
√
2 + 1
3
. (28)
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Hence
sin2 θ12 =
3(3−√2)
14
= 0.34, sin2 θ13 =
3− 2√2
9
= 0.019, (29)
which are within 2.5σ and 1.8σ of the data respectively. The neutrino mixing matrix
is then given by
Ulν =


−(√2 + 1)/3 1/√3 (√2− 1)/3
(
√
2 + 1)/6− i(√2− 1)/2√3 1/√3 −(√2− 1)/6− i(√2 + 1)/2√3
(
√
2 + 1)/6 + i(
√
2− 1)/2√3 1/√3 −(√2− 1)/6 + i(√2 + 1)/2√3

 ,
(30)
and the neutrino mass matrix is of the form
Mν =


m2 0 0
0 (2m1 +m3)/3
√
2(m1 −m3)/3
0
√
2(m1 −m3)/3 (m1 + 2m3)/3

 . (31)
Using the invariant
JCP = Im(Uµ3U
∗
e3Ue2U
∗
µ2) =
−1
18
√
3
(32)
= sin θ13 cos θ
2
13 sin θ12 cos θ12 sin θ23 cos θ23 sin δCP ,
we obtain δCP = −pi/2 as expected.
• c13 = 0: Whereas this implies sin2 θ23 = 1/2, it also requires sin2 θ13 = 1/3 which is of
course not supported by the data.
• c23 − s23 = 0: In this case, c23 = s23 = 1/
√
2, and even if δ 6= 0, sin2 θ23 = 1/2 from
Eq. (16). Now
sin2 θ13 =
1
3
[1 + c213 + 2
√
2s13c13 cos δ], (33)
sin2 θ12 =
s212[2− c213 − 2
√
2s13c13 cos δ]
3(1− sin2 θ13) = s
2
12, (34)
cos δCP =
−s13 sin δ√
3 sin θ13
. (35)
If δ = 0, then cos δCP = 0 and
s213 =
1
3
[2− sin2 θ13 ± 2
√
2 sin θ13 cos θ13]. (36)
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If δ 6= 0, then
s213 =
1.937 + 4 cos2 δ ± 4 cos δ√cos2 δ − 0.9075
1 + 8 cos2 δ
. (37)
Plugging this into Eq. (35), we then obtain cos δCP as a function of δ. As cos
2 δ ranges
from 1 to 0.9075, cos δCP goes from 0 to ±0.995. This means that almost any value of
δCP is allowed.
We now consider a special case with θ23 6= pi/4.
• c23 + s23 = 0: In this case, c23 = 1/
√
2, s23 = −1/
√
2. Hence s13 =
√
3 sin θ13, and
s12 is expressible in terms of sin θ12 and sin θ13. The deviation of sin
2 θ23 from 1/2 and
that of cos δCP from zero are now correlated. For sin
2 θ13 = 0.021 and sin
2 θ12 = 0.307,
we obtain s212 = 0.9998 or 0.1399. For s
2
12 = 0.9998, we find
cos δCP = 4.223
(
sin2 θ23 − 1
2
)
. (38)
Allowing sin2 θ23 to differ from 1/2 by 0.04, we find that |δCP | > 80◦. For s212 = 0.1399,
we find
cos δCP = −5.505
(
sin2 θ23 − 1
2
)
, (39)
so that |δCP | > 77◦.
If we choose s212 = 1 exactly, then the phase δ may be rotated away, so that U becomes
O and cobimaximal mixing is recovered. In addition we have |Ue1| =
√
2/3 resulting
in
sin2 θ12 =
1− 3 sin2 θ13
3(1− sin2 θ13) = 0.319, (40)
which is within 1σ of the data. This prediction is equivalent to tan2 θ12 = (1 −
3 sin2 θ13)/2, which was derived previously [27] in a completely different way involving
the conditions ν1 = (2νe − νµ − ντ )/
√
6 and cos δCP = 0. In our specific case, the
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neutrino mass matrix Mν is of the form

c213m2 + s
2
13m3 s13c13(m2 −m3)/
√
2 −s13c13(m2 −m3)/
√
2
s13c13(m2 −m3)/
√
2 (m1 + s
2
13m2 + c
2
13m3)/2 (m1 − s213m2 − c213m3)/2
−s13c13(m2 −m3)/
√
2 (m1 − s213m2 − c213m3)/2 (m1 + s213m2 + c213m3)/2

 .
(41)
Assuming m1,2,3 to be real, this is realized with 4 real parameters A,B,C,D, i.e.
Mν =


A D −D
D B C
−D C B

 . (42)
If D = 0, then it is well-known [19] that we obtain tribimaximal mixing. With D 6= 0,
it is also known [19] that the above pattern predicts sin2 θ12 < 1/3. With Eq. (41), we
now have cobimaximal mixing as well as the prediction of Eq. (40).
Concluding remarks: Using Uω of Eq. (2) which is derivable from A4, we expand on the
intriguing result of Eq. (1), namely that if the 3 × 3 Majorana neutrino mass matrix is
diagonalized by an orthogonal matrix O, then neutrino cobimaximal mixing (θ13 6= 0, θ23 =
pi/4, δCP = ±pi/2) is guaranteed. We consider the most general unitary matrix U of Eq. (5)
instead of O and discuss how cobimaximal mixing is affected in a number of simple cases.
As a byproduct, we obtain Eqs. (31) and (42) which are suggestive of underlying patterns
of the neutrino mass matrix yet to be explored theoretically. Whereas cobimaximal mixing
is a good representation of the present data, future more precise measurements will be able
to distinguish among these different possible scenarios.
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